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TREVOR J. McMINN

ABSTRACT. For fairly general conditions on a measure space, a group
of bijections on the space and a topology on the space, densities and lift-
tings commuting with members of the group and with topologies finer than
the given topology are obtained.

Introduction. Our objectives here are twofold, in fairly general settings
to obtain for a measure (1) densities and liftings which commute with mem-
bers of a group of bijections and (2) densities and liftings whose topologies
are finer than a given topology. The space we deal with usually has finite
measure or can be suitably partitioned into measurable subsets of finite mea-
sure. In getting a commuting density for a countable group we do not require
the group to be amenable. Our condition for passage from a commuting den-
sity to a commuting lifting is a trifle weaker than a previously known condi-
tion of no nontrivial fixed points. With this and a kind of uniformity condition
satisfied in connection with an invariant Borel family, a commutative lifting
is obtained for a measure whose measurable sets each lie within a set of
measure zero of a member of this family. Topologically, we get slightly bet-
ter than the existence of a lifting whose topology is finer than a given metri-
zable topology with nonempty members included among the measurable sets
of positive measure. Nowhere do we make any assumptions of local compact-
ness.

The main avenue to these ends is the new proof of D. Maharam’s [13]
fundamental existence theorem for a lifting recently published by M. Sion [17].
Sion’s simple direct proof relies only on basic notions of Carathéodory mea-
sures on abstract spaces and emphasizes connections with differentiation
somewhat in the spirit of J. von Neumann [16] working with Lebesgue mea-
sure on the line in answer to the first question of this kind raised by A. Haar.
We have modified Sion’s approach in some respects, but in many details and
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and in the development of the general framework as embodied in our elabora-
tions the approach is very much the same. We have broadened his definition
of a differentiation system in a minor way to give us the same results but at
the same time make the hypotheses of the lifting and other theorems more of-
ten satisfied in applications. More importantly, in an inductive argument, we
have found it possible to go all of the way with densities before passing to
the final lifting. This gives us the freedom we need to get further results
when a group structure is grafted on. Thus we can sometimes still get a com-
muting density in situations which preclude a commuting lifting. Also in the
metric case the construction of a lifting with finer topology is facilitated.

Good guides to the literature of this subject are the book by A. and C.
Ionescu-Tulcea [7] and the survey paper by C. Ionescu-Tulcea [11]. Most of
the known results on commuting and strong densities and liftings are due to
these authors. More recent results can be found in [1], [2], (3], [6], (8], [9],
[10], [14],[19). All of the measure-theoretic and topological preliminaries we need
can be found, among many other places, in [18].

1. Basic definitions and notations. 1. S~ A={x €S: x ¢ A}. When S
is understood we may just write ~ A for S ~¥ A. Thus S~ A=5SN~ A,

2.0F=, % 7F = ﬂaeF a;sbA={a; aCA};spA=1{a; ACal.

3. A""B:{a"'b:a €A and b €B, AnNB={aNb:acA and
b € B}.

4. 0'F, 0"F, 0"F are the families of all, respectively, finite, countable
and arbitrary unions of members of F; #'F,n"F, n"F are the families of
all, respectively, finite, countable and arbitrary intersections of members of
F intersected with OF,

5. F is afield on § if and only if OF = S and for each a, B €F, §~
a€F and a UB €F; F is a Borel field on S if and only if oF = S and for
each a € F and countable HCF,S ~ a€F and ol € F;

field F = the field on oF generated by F
=o'r'(FuloF ~a:a €F})
= the smallest field on oF including F
7{G: F C G is a field on oF};
Borel F = the Borel field on oF generated by F

= the smallest Borel field on oF including F
=w{G: FCG is a Borel field on oF}.

6. dmn [ = the domain of f; rng f = the range of f; f |A = f N {(x, y):
x € A}; fo g = the function such that (f © g)(x) = f(g(x)); XA, S ={(x,y):x €A
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implies y =1 and x €S~ A implies y = 0}.

7. w is the set of natural numbers, 0, 1, 2, ... ; we assume that each
natural number is the set of all such less than it; thus the natural number 0
is also the empty set.

8. u is a Caratheodory measure on § if and only if g is such a function
on sb S that, for each A C S and countable H with A CoH CS, 0 < p(A) <
2, eH ua) < oo

n p = the family of p-measurable sets

={A €dmn p: for each T €dmn p, p(T) = p(T N A) + (T ~ A)};
m;= {A em# : 0 < p(A)} v {o};
mZ-—-{A em#:y(A)-—.OL

(Note that ?K; ﬁmz = {o}.)

10, A= B if and only if p(A~B)u (B~ 4)) = 0.
11, Borelnil uF = Borel(F U )Ilf).

p/F = the Carathéodory measure generated by p | F;

p/ F(A)= inf Z p(a) : F D H is countable and A C oH}.
a€H

13. F is p-complete if and only if for each A € F and A' € dmn p with
A'= A A" €F.

14. H is G-invariant if and only if for each A €H and t €G, 4] eH;

p is G-commutative if and only if for each A €dmn p and ¢t €G, t[A] €dmn p
and p(f{A]) = dp(A)]; we shall write ¢ - z for both #(z) and ¢lz].

15. B #(S) = the family of all p-essentially bounded p-measurable extend-
ed real-valued functions on S.

16. B#(S) is G-invariant if and only if for each f¢€ 93”(5) and t €G,
fote %#(S); L is G-commutative if and only if for each [ € B#(S) and t €G,
foreB,(5) and L{for)=L(f) ot

17. [ = ,g if and only if plx €0 dmn p: /(x) £ gla)} = 0.

2. Assumptions. Throughout what follows we shall assume that § is a
fixed set, p is a fixed Carathéodory measure on § with 0 < p(S), G is a
fixed group of one-to-one functions on § onto § (bijections), e is the iden-
tity of G, y is the cardinality of G, g is a one-to-one function on y onto G
with g, =e and J is a fixed topology on S. Frequently, the mention of ‘S’,
‘W, ‘G’ and ‘T’ in formulas will be suppressed.
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3. Densities and liftings.

1. Definition. p is a density on B if and only if 0, S € BCM and p is
such a function on B to M* that, for each 4, B € B,

1. p(A) =4,

.2. A = B implies p(4) = p(B),

3.AnB¢€B,

.4. p(A n B) = p(A) n p(B),

5. p($) =S.
It immediately follows that for each A, B € 3,

6. A €M° implies p(4) =0,

7. ~ A €8 implies p(A) C~ p(~ A),

.8. ACB implies p(4) C p(B),

9. p(4)~ p(B) €M*,

.10. ACp(A),~ A €B and ~ ACp(~ A) imply A €mg p.

2. Definition. p’ << p if and only if p', p are such densities with com-
plete field domains that

.1. dmn p‘ C dmn P

.2. for each A’ € dmn p', p'(4") C p(4").
It immediately follows that

3. if p'<<p and A’ €dmn p’' and A €dmn p, then p'(A’) = p(A’) and
p'(A") npla) em*,

.4. << is reflexive, antisymmetric and transitive,

.5. if p', p are such densities with complete field domains that p' Cps
then p' << p,

6. ifKisa family of densities totally ordered by < < and if, for each
Ace Up’el( dmn p’,

p(4) = a{p'(A): p' €X and A €dmn p'l,

then p is such a density that for each p' € K,p'<<p.

3. Definition. A is a lifting on B if and only if A is a density on B and
for each B € B, ~B € B and A(~B) = ~“A(B).

It immediately follows that

.1. a lifting is a density;

.2. the domain of a lifting is a field on S included in JI;

.3. the range of a lifting is a field on § included in n;

.4. M* OF is a finite field implies that there is a lifting on Borelnil F
onto F.
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4. Definition. p is a Borelnil function if and only if p is a function on
Borelnil g p-.

It immediately follows that

.1. the domain of a Borelnil function is a complete Borel field on S;

.2. ¥ OF is a finite field on S implies that there is a Borelnil lifting
on Borelnil F onto F.

4. Lifting operators on B(S).
1. Definition. L is lifting operator on B(S) if and only if L is on B(S)
to B(S) and, for each f, g € B(S),
1. L(/) = /$
f =g implies L(f) = L(g),
0 < f implies 0 < L(f),
L(Xs) =Xs»
for each real @, b, L(a - f+b+.g)=a - L(f) + b - L(g),
6. L(f - g)=L(f) - L(g).

With regard to .5 and .6 we could require more generally that L, more

. . . .
N WN
. . . .

than being just linear and multiplicative, be a homomorphism for operations
which are continuous for the topology of the reals [5}. Plus and times are the
two most important of such operations.

5. Differentiation and Vitali systems.

1. Definition. F is a differentiation system if and only if § € F C M*
and, for each a, B € F,aNB €o"F.

2. Definition. Fix}={aeF:xeal.

Note that if F is a differentiation system, then F{x} is a filter base.
Limits with respect to F{x} are taken in the sense of downward inclusion.
A theory of such limits can be found, among other places, in [12].

3. Definition. H is an F-Vitali cover for A if and only if ACS, HCF
Csb S and for each x €A and B € Fix} there is a € H with x € a C B.

4. Definition. F is a Vitali system if and only if

1. F is a differentiation system,

.2. for each H and A such that H is an F-Vitali cover for A there is a
countable disjoint H' C H with A ~oH'=0,

3. (W/(Fu )| Borelnil F = | Borelnil F.

5. Remarks. If p(S) < oo, FCM*, #'(F UM?) Co"(F U M°) and {s}~'
F Co"(FuU MO, then

(u/(F UM®) | Borelinil F = p| Borelnil F.

This follows from slightly modified results in [15]. It is easy to check that
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if o'R' Ca"R’, then 0'n"'R' C#"R’ so thatif R={S}~'F and R’ ={s}~'

(F U M°), then o'7"R’' C#"R’ and {S}~'R C#"R’. Now [15, Theorem 3.2],
can be modified to read, in the notation of [15]: if R,y C R's, then R” CR'S,
This is easily proved along lines given there. Applying this result to [15, Theo-
rem 4.6] to get the corresponding modification of {15, Theorem 4.7}, it is not
hard to see that our result mentioned above stems from the complementary ver-
sion of a corollary of this latter modification.

6. Fundamental theorems.
1. Theorem. If for each n € w,
1o p(8) < o
2 p; is a Borelnil density,
3. P;5<<,P2n+1)’ ,
4. F =m U, mgp;
then for each n € w, F'(n+1) p) F; is a Vitali system.
2. Theorem. If
1. p(S) < oo,
:2. foreach n€w, F, OF, is a Vitali system,

3. F*= Unean and B = Borelnil F¥,
4. for each B € B,

p(B) =;x €S: lim lim inf p(an B)/u(a) =1},

n ae€ Fn x
then p is such a Borelnil density on B that for each A € o"F*,AC p(A).
3. Corollary. If
.l. F.(S) < 00y

.2. F* is a Vitali system and B = Borelnil F*,
.3, for each B €.‘B,

pB)={xeS: lim planB)/pla)=1},
aeF*{x}
then p is such a Borelnil density function on B that, for each A € o~ F*,
A C p(A).

4. Remark. 6.2.2 is satisfied if F is a nested sequence of finite fields
each included in M*.

5. Remarks. As pointed out in [16], 6.2 is essentially a differentiation
theorem and 6.1 provides the crucial link between a Borelnil density and the
appropriate differentiating mechanism.
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Proofs and References. 6.1 is a variant of [17, Theorem 1]. Our proof is
modeled after the one given there.

6.1. Proof. Clearly F, (n+1y > Fr ! is a differentiation system.
Let ACS and H bean F -Vltah cover for A. Let H' be a maximal dis-
joint subfamily of H. Then by . l H' is countable. Let 8 = p"("'aH ). Then

by .2, ~oH' = and by .3,

oH' = U ac U pn(a)C pn( U, p'n(a)> = p;(GH'),
aeH aeH

so B NoH' =0, There can be no x € A N B; for if so, then there would be

a€H with x € aC 8 in contradiction to the maximality of H'. Thus An f8

=0 and A~oH'=0.

Notice that p/field (F uMo = [.l/(F u M%. Thus F ullc
field (F uMO M i, where M’ is the family of /.t/(F U MO)-measurable
sets, and hence Borel (F! UM®) C M. Finally since p and p/(F, U /&)
agree on F uMC and Borel(F UM% cM’, we have that g and }t/(F 'UIo)
agree on Borel (Fn u Mo = Borelml F’z

Thus F': is a Vitali system.

6.2. References. See [17, Theorems 2', 2, 3, 4]. A re-examination of
the proof of [17, Theorem 2] reveals that it can be slightly modified to re-
main valid when the condition that aN B € F, for @, B € F in [17] in the
definition of a differentiation system is changed to the condition that a N f
€0”F, for a, B € F to conform with our definition of a differentiation sys-
tem. Also, if the condition that F,_ be a partial lifting (defined in [17]) in
[17, Theorem 4] is changed to a Vitali system and the part of the conclusion
that A = p(A) for A € F* is changed to A C p(4) for A €0"F*, then [17,
Theorem 4], so revised, is valid and p is a Borelnil density on B.

We now take a cue from [5]. For HC F* let H' be such a countable sub-
family of H that p(oH ") = sup pecrti MB): Clearly from .1 for each a € H,
a~oH' =0 so that p(a) ~ p(6H") =0 and p(a) C ploH'). Thus

oH' CoH= |J aC |J pla)CploH")
aeH aeH

and
oH=0H' and oH' €dmnp
and '

oH C ploH") = plat).

6.3. Proof. Use a constant sequence F, = F* in 6.2 and note that for
each B €% and x €8,
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lim inf p(an B)/u(a) = 1.

aeF*x
if and only if
lim planB)/ua)=1
a € F*{x}
7. Commuting densities and liftings. Our main objectives in this section
are Theorems 7.8, 7.11-7.14,

1. Theorem. If
1. G'CGand t™! €G' for t € G,
2. MO is G'-invariant,
3. foreach n€w, F, isa G'-invariant differentiation system,
4. F*=\J,, F, and B = Borelnil F,
.S. foreach Be®, x €S and t € G,

lim lim inf p(a N B)/u(a) =1

n acF ix

if and only if
lim lim inf p(z.(anB)/ut. @) =1,

n aeF"x

.6. for each B € B,
p(B)={x €S: lim lim inf p(a N B)/p(a) =1},
n a.an x

then p is G'-commutative.

2. Corollary. If

1. G' CG andif t™1 €G' for t €G’,

2. MO is G'-invariant,

3. F* is a G'-invariant differentiation system,
4. B = Borelnil F*

.5. foreach B €® and t € G',

lim planB)/ua)=1
aeF*ix
if and only if
lim plte(anB)/ult. a)=1,

aeF*x
.6. foreach B €3,
pB)={xeS: lim planB)/a)=1},

aeF*ix
then p is G-commutative.
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3. Theorem. If

1. G is countable,

2. MO s invariant,

3. p' is a density on complete set BCN,

4. B is invariant,

.5. foreach t € G and B €, p,B)= t1.p'(t+ B) and p(B)=nteGP:(B)’
then p is a commutative density on B.

4, Theorem. If

1. }l(S) < oo,

2. G'CG and t™' €G' for t €G,
.3, m° is G'-invariant.

4. for each n € w, F(n+l) JOF, isa G'-invariant Vitali system,
5. F*= Unw E, and B = Borelnil F*,

.6. foreach B €B, x €S and t € G',

lim lim inf p(a N B)/p(a) =1

n Qo€ Fn x
if and only if
lim lim inf p(t+(anB))/ult.a)=1,

n ae F"{:d

.7. for each B €3,

p(B) = {x €S :lim lim inf p(an B)/u(a) =1},

n a€F ix
n
then p is such a G'-commutative Borelnil density on B that, for each A €
o~ F* A C p(A).

5. Theorem. If

1, p(S) < oo,

2. G is countable,

3. MO is invariant,

4. foreach n €w, F(n+1) D F, is a Vitali system,
5. F*= Unew F, and B = Borelnil F¥

.6. F* is invariant,

.7. for each B eB,

p'(B)={x €S :lim lim inf plan B)/u(a) =1},

F ix
n aeF,

.8. foreach t €G and B €3,
p,(B)=t71.p'(t. B) and p(B)= ﬂc p,(B),
te
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then p is such a commutative Borelnil density on B that, for each A € o= F*,
A C p(A).

6. Lemma. If

1. u(S) < oo,

.2. G is countable,

3. MO is invariant.

4. DCS and for each t €G, t+ D eM*,

.5. p" is a commutative Borelnil density,
then there is such a finite or countably infinite sequence p’ of Borelnil
densities on (y + 1), if y is finite, or on y, otherwise, that

.G. for each n €y, p"= pOCp C p(n“),

.7. D e dmn pl,

.8. foreach n €w, C edmnp' and t € G, there is such k €y~ (n + 1)
that t « C €dmn py, ,,, and p(k“)(t Q) =t. p(“l)(c’)

-9. foreach t €G and A €U, 400 o mg p,,,

teAe U mgp:..

n € dmn P

7. Theorem. If

1. y(S) < o0,

.2. G is countable,

.3. MO is invariant,

4. foreach t €G,t+ D eM*,

.5. p" is a commutative Borelnil density,
then there is such a G-commutative Borelnil density p that p"Cp and D €
dmn p.

8. Theorem. If

1. pS) < oo,

.2. G is countable,
3. M and MO are invariant,
4. foreach n €w, F

OSOF*=U F

* new n’
6. F" is invariant,

(n41) > E, is a Vitali system,

then there is such a commutative Borelnil density p on W that, for each A €
o™ F* A C pA).

9. Lemma. If
1. p is a commutative density on complete field B,
2. A={F:F isafieldand FANgp CB NM* and F is invariant},
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.3. H 1s a maximal member of A (there is one),
4. for each B €3,

P(B)=3F:Tl'(u U{t-a}UHUrngp)CfBﬁm+and

aeF teG

for each a € F, a C~p(~B) or aC"'p(B)s,

.5. for each B € B, K(B) is a maximal member of P(B) (there is one),
.6. for each B € B, MB) = g{a € K(B) : aC~ p(~B)},
.7. for each B € B with

17'( U {t-XB), t - M~B)} UHU g p) cBnkt
G
and te

u’(u {t+ MB), t - M\~B)} UH U ng p) ~'{MB),M~B)}C B,

teG

for each x e~NB) ~X~B), 8 € HNN tng p with x €8 and

(a) for each nonempty finite subset Q of G with 0# R={t € Q:x=t.x}
and 8N nzeQ(t «X(B)) =0 there is such 1 € G with x =71+ x that .+ MB)C
N,er(t - MB) or 7. M~B)C N, (2 MB)) or

(b) for each nonempty finite subset Q of G with 0 £ R={te€Q:x=t+x}
and & nnzeQ(t « M~B)) =0 there is such r € G with x =1+ x that 7+ A(B)
C n“R (t+ M~B)) orr. X~B) C ﬂ,eR(t « M~ B)),

then X is such a commutative lifting on B onto H that for each B € B, p(B)

C MB) C ~p(~B).

10. Remark. If G = {e}, then for each B 63, MB) reduces to
1. ota:falnnHANmg p CB NNM* and a C~p(~B)L.
In this event M(B) may just as well be taken to be either of the following:
2. ofaeHNNimgp: a~B=0}, ;
3. U, 4(plau B) ~a) [17].

11. Theorem. If
. #(S) < 09,
MO s invariant,

. F*= U” ew F, and 5 = Borelnil F*,

1
2
3. foreach n€w, F, DO F, is an invariant Vitali system,
4
5. foreach B€®B, x €S and t €G,

lim lim inf p(a NB)/u(a) =1

n aan{x}

if and only if
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lim lim inf p(t«(anB)/p(t- a)=1,

n aanx

.6. for each a,, a.,, 8 €B ANt with a,Na,=0,a,va,=S5,

ﬂ'(U {z'al,t-az,t-b‘}uF*)Cﬁnm*

teG
and

n'(U {t-a,t-a,t 8} uF*)~’{ai}C$nm* for i=1,2,

teG

for each x €6~ a, ~ o, and

(a) for each nonempty finite subset Q of G with 04 R=1{t€Q:x=t.x}
and Snﬂt Q(t- a ) 0 there is such 1 € G with x=1+x that 7. a,C
N,gt-a) orrea CnteR(t' a,) or

(b) for each nonempty finite subset Q of G with 04 R={teQ:x=t.x}
and 8 N[N, colt+ @) =0 there is such 1 € G with x=1. x that 7+ a, C
n,ek(l'a)077°a N, (- a),

then there is such a commutatuive lz/tmg A on B that for each A € F", A C plA).

12. Corollary. If 7.11.1-7.11.6 and

7. Mc B,

then there is such a commutative lifting X on M that, for each A € "F*, A C MA).

13. Theorem. If 7.8.1-7.8.6 and
7. for each o, a,, 8 eM* with a; Na,=0,a,V a, =S5,

al Ylt-ap,t- az,t.Squ")cm"
teG

n'(u {tea,t-ay,t-dl UF") 'v'{al.}cf)l(* for i=1,2,

teG
x€d~va,~va, and 7.11.6((a) or (b)),
then tbere is such a commutative lifting A on M that, for each A €o -F*,
A C p(A).

and

14. Theorem. Consider the following conditions on p and G each inde-
pendent of F, B and p.

.1. for each aell*, t €G and x €S with {x} eMO and x=1t.x, we
have a=st. o

.2. foreach t €G and x €S with {x} €MO and x =1t . x, we have t=e;

.3. for each t €G and x € S with {x} eM® and x=1t+ x, we have t = e.
Then in the context of the relevant application .3 implies .2 implies .1 im-
plies 7.13.7 implies 7.11.6 implies 7.9.7.
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15. Theorem. If

1. C et

.2. G' is a finite subgroup of G,

3.x€S,7€G and 1. x=x,

4. U, gt Q=S and foreach t, t' € G with t#1¢,(t- O n(t-0)
=0and7-t'-C#1t-C,

then there is no G-commutative lifting on M.

16. Theorem. If A is a commutative lifting on M and for each x € S and
[ €B(S), (LINNx) = suplr: x & M/ o, N}, then L is a commutative lift-
ing operator on B(S).

17. Remarks. Under the hypotheses of 7.12 or 7.13 there is a commuting
lifting operator on B(S). In view of 5.5, the hypotheses of 7.12 and for each
A € F¥, A €0™F* are satisfied when S is the plane, p is suitably normal-
ized Lebesgue measure on S and for each 7 € w, F, is the family of all left-
bottom-closed-right-top-open squares in § and G is the group of translations
on S. In this case F*C g\, If for each n € w, E_ is the family of all open
disks, then the hypotheses of 7.12 are satisfied and for each open A, AC
MA). Similarly for Euclidean K-space.

18. Remark. If ¢ is such a Carathéodory measure on S that there is a
partition ? (not necessarily countable) of S into ¢ measurable subsets of
finite ¢ measure with the property that, for each A C S, fA) =3, o¢(A N B)
and for each B €% and t € G,t-Be ? and the relativization of F to B
(where applicable) is a Vitali system, then each theorem in this section re-
mains valid when ‘u’ is replaced by ‘¢’, and the restriction ‘u(S) < oo’ is deleted.

Proofs and References.

7.1. Proof. In view of .2 and .3, B is invariant. Also using this fact, .1
and .5 we have, for each B €B and t € G,

plt - B)=;x €S :lim lim inf plan(e. B))/ma) = 1%

n ae€ Fn{x}

=;x65:lim lim inf u(t-(aﬁB))/#(t~a)=1§
n aan{t’l-xf

= gx €S :1im lim inf #(aﬂ B)/ll(a) = 1}
n aan{t-l-xl

=to3x €S :lim lim inf pla NB)/pla) =1 i

n G.EF”x

=t p(B).
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7.2. Proof. See the proof of 6.3.

7.3. Proof. Trivially p(S) = S. Clearly from .1-.4 for each A, B € B,
A=p'(A) = p(A) and A = B implies p(A) = p(B). To show that p is inter-
sective, let A, B € 3. Then using .3,

p(AnB)= N p,(ANB)

teG
=N 1. p'(t-(AnB)
teG
=Nt ' Anp'(t-B)
teG
=N p' (- ANt p' (2 B))
teG
N XCAOLYAC)

teG

= (n p:(A)) n(ﬂ p:(B)) = p(4) n p(B).
teG teG

rinaliy, using the fact that G is a group, for each B €8 and 1 €G,

ple-BY =N plt-B) = N (s71.p'(s- 1. B)

seG seG

.

=t- N lestop'(s-t-BY=t- NWs.D~1.p'(s- - B)
seG seG

=1 n p;S'l)(B) =1 p(B)
seG

7.4. Proof. Use 6.2 and 7.1.
7.5. Proof. Use .3 and .6 to check that B is invariant. Now use 6.2 and

7.3. Check that for eachA €0 F andt €G, ACp'(A), A Cp:(A) and A C p(A).
Our proof of 7.6 is somewhat like that of the lemma in [17].
76 Proof. If D € dmn p”, then for each n<y, if y is finite, or for
each 7 €y, otherwise, let p;-—- p". Otherwise proceed as follows: Let

' D'=D~g{(t-D)ND:t€G and (t- D) ND =0}
N~gl(t-~D)ND:t€G and (¢t-~D) N D=0},
D"=~D~g{(t+D)~D:t€G and (¢- D) ~D =0}
N~gi(t-~D)~D:t€G and (¢t ~D)~D =0},
F'={aemgp": a~D" =0},

F”={aemg p": a~D" = 0},
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Then choose B’ €¢"F' and B" €0"F" with

uB') = sup ,Ha), B = swp pla).

aec”"F aed"F"

From .1-.5 it follows that 0%’ C p"(B’) € F' and oF"C p"(B") € F", so that
oF' = p'(B') and oF" = p"(B"). Now let D" = D ~0"B") and D" = D" ~ p(B’).
By .2—.4, for each ¢, s €G,

D=D'=D", ~D=D"=D", D"Nn D" =0,

(t-D'YN(s.D")Y eM*, (¢.D")n(s.D") e,

1
W (t. D) (s.D") elM*, (t.D")N(s.D") M,

(¢.D")A(s-D") eM*, (:t-D")N(s.D")€ JII",
{t- D"} nnmgp"C m, {- D™} NNrng p" C m,
Recursively define p' on (y+ 1), if y is finite, or on y, otherwise, so that
p;) - pll’
2) p2n+l) is on field ({g, - D} Ndmn p]) and

! !
Py Cp(ru»l)’
for each C' = 8, D and C"= 8, ~D and B, B', B €dmn p;,

3) BuUB NCHUE 'NC") edmnpy,,;, and
Plasn(B V(B NC) U(B"NC)

-~ B UGB Ng, D" Y BY N g, D).

Using (1) and (3) one can check by induction on 7 that, for each 7 € dmn s
p; is a Borelnil density. Clearly by (2) we have .6 and by (3) we have .7.
Now given n, m €y, let k €y ~(n+ 1) so that, for each i<m g - g€
rng (g|(k + 1)). With a little effort one can now use (2) and (3) to check that
for each i <7 and each C €dmn py;,, &, * C €dmn py, .1y and py, 418, B
=8, P'(k “)(B). Thus we have .8. Finally .9 follows immediately from .8.
7.7. Proof. Use 7.6, 6.1 and 7.5.
Our proof of 7.8 is patterned after the proof of the lifting theorem in [17].
7.8. Proof. Use a maximal principle and 7.5 to get a nonempty family X
of such commutative Borelnil densities p” that, for each A € o"F* A Cp"(lo,
totally ordered and maximal with respect to << Now with respect to <, X
has no cofinal countably infinite sequence p'. For if so, then letting for each

n€w, F,',=rr'Ui<n tng P;, F*= Unew F;, and B’ = Borelnil F', we see that
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F™ is invariant and from 6.1 that F 2” +° F': is a Vitali system. Hence ap-
plying 7.5, we get such a commutative Borelnil density p on B’ that for each
A' €0~F"™, A" C p(A"). It then follows that, for each 7 € ® and A €dmn Prs

dmn p; = Borelnil tng p; C Borelnil F; C Borelnil F™*=3' = dmn [
A €dmnp= B' and p;(A) € F:, CF™Co-F',
p.{A) Cplpi(A)) = p(4), p. <<p.

Furthermore for each A €0~ F', A C pi(A) C p(A). Thus p €K, contradicting
the cofinality of p’.
Now for each B € UP"eKdmn P let

p(B) =o{p"(B): p" €K and B €dmn p"}.
Then p is such a density that, for each p' € X, p' << p. Clearly for each 4 €
o~F*, A Cp(A). Also for each B €dmn p and t €G,

ple - B)=ofp"(¢- B) : p" €X and ¢+ B € dmn p"}

=t-0{p(B) : p" €K and B €dmn p"} =t - p(B)
so that p is commutative. Furthermore

Borelnil rng p = Borelnil #'U mg p" = |J Borelnil rng p"
eX

"e

= J dmn p" =dmnp
P'eK
so that p is a Borelnil function. Thus p € X. since X is maximal with re-
spect to <<, p is a maximal member of K. By .3 and 7.7 we infer from the
maximality of p in X that p is on .

7.9. Proof. Note that {0, S} € A. Check that the union of a nest of mem-
bers of A is a member of A and hence by a maximal principle that A has a
maximal member H. Thus H is a field, HNNmg pC BN M* and H is invar-
iant. Now let B € B and note that {p(B), p(~ B)} € P(B). Check that the
union of a nest of members of P(B) each including {p(B), p(~B)} is a mem-
ber of P(B) including {p(B), p(~B)} and hence by a maximal principle that
P(B) has a maximal member K(B) including {p(B), p(~B)}. Thus

n'( U Uyt al UHUrngp)C$0m+

aeK(B) teG

and, for each a € K(B), aC ~p(~B) or aC~ p(B). Clearly P(B) =P(~B)
and K(B) is a maximal member of P(~B) so that N\~B) =of{a e K(B): aC ~p(B)}.
Also clearly p(B) C MB) C~ p(~B), p(~B) C X~ B) C~ p(B), XB)N A~ B)
=0, MB) = B and M~ B) = ~ B. Furthermore
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1 "’(U {t+MB), t+ \~B)} UH Ung p) cBnl*.
teG

Now
() n'( Ulit-MB), t+ M~B)} UH U rng p) ~IM~BCB AT,
teG

for otherwise, there is

B Eﬂ'(U ft . XB), t - M\~B)} UH Uing p)

teG
with 0 # B8~ AM~B) =0 and K(B) U {M~B) u B}+# K(B) CK(B) U {A(~B)uB}
€ P(B) in contradiction to the maximality of K(B) € P(B). Similarly

3 ,,'( U {t-AB), t - M~B)} UH Ung p) ~ABRCB AT,
teG

To be sure that A has all of the other desired properties, we need only show,
since HC®, that A(B) € H or M~ B) € H. We may suppose that A(B) £ 0
and MB) # S. To this end if (a), then let

H' = field (Hu (GRIE A(B)?

te G
and if (b), then let

te G

H = field(ll uU - A(NB)9.

We may suppose (a), and attempt to show that A(B) € H, since the alternate
assumption entails a quite symmetric argument leading to M(~B) € H. Clearly
H' is an invariant field. Since B is complete, M(B) € B and mg pC B. since
HCB and 8> rng p is invariant, H' C8B and H' nnmgp C B. We shall
show that H' € A by showing that H'nn mgp C M*. To do this we let a€H’
and b €rng p and then show that a N b eM*. Thus let

a=qu(§on N G- aBYn N (t'wh(B)))u...

!
teF0 teFo

u&n N G- XBNA N (- ~NBY),
teF teF)
4 14
where p €, 7 £y ove s Ep €H, F, Fo, ..o, Fp, Fp' are finite subsets of G.
Let us suppose, contrary to what we wish to show, that

4) 0fanb=0.

Since cleatly n N b= 0, by virtue of HNNng pC M*, we may suppose that
there is < p and x' € § with
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ebné n N G- AB)N N (- ~XNB) = 0.

teF, teF
If F, =0, then (noticing that (), o(t - ~A(B)) = $) by virtue of the fact that
A(B) C oK(B), there is such a function k on F, to K(B) that, by virtue of (1),

ebné n NG KNCbnB n N (- NMB)=0,

(eF teF
bnén NG KN ea{ U U{t.a}uHumg,)cm*,
teF aeK(B) teG
a contradiction. Thus F,: # 0 and there is such a
¢ en U Ult-aluHurmgp
aeK(B) teG

that x' e{ nn eF! (2 + ~A(B)) = 0. But then, since for each ¢t €G, ¢+
M~B)Ct. "‘)\(B) we infer that ¢! nnteF'(t X~B) C{¢'n nle,_.:(t- A(B)
= 0. Since x' € ¢’ and, from (1), {'A N eF’(t «AM~B)) =0 we have x' ¢
nteF' (¢ « M(~B)), and hence

xel'n N @.-~xBY~ N (2. M~B)

teF’; leF':

={'n U G.-~M~BY)N N (£-~XB)
teF! teF,

={'n U (' ~M~B)n N (t-~>~(B)))
t’eF’: teF’;

c¢'n U (¢« ~M~B) n(t.~AB)).
t'e F;
Thus for some t' € F’: ,x' €l'n(t . ~M~B) n(t' . ~XB)). Letting x =
t' 1. x" and = 'L, £' we have

(5) x e ~AM~B) ~XB) and (617'( U U{t-a}UHUmgp).

aeK(B) teG

Now let B' = A(B) U{x} and let K'(B) = K(B) U{B'}. We shall show that
K'(B) € P(B) by showing that

n'( U U{t-a}uHUrrgp)C%n?ﬂ"

aeK'(B) teG
and
©) for each a € K'(B), aC~p(~B) or aC~ p(B).

To this end note, since A(B) C M~ B) and x € ¥M~B), that B’ C ~X~B)
so that (6) and suppose, contrary to what we have left to show, that there are
such &' € HNNng p and a nonempty finite set QC G that 048N nteQ("B')
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= 0. But then 6 N nteG(t + MB)) = 0. By (1), 3(\“‘56(1 « M(B)) =0 and hence
30‘0,590 « B") =1{x}. Thus x €8 and foreach t €Q, x=t+x or x €1+
MB). Thus letting R=1{t€Q:x=1t- x}, we have x € 5“n,€Q~R(t-A(B»-
If R =0, then from (5) and (1) we get the contradiction 0={x}= 8 N
N,eolt- B)=8n N, ot MB) eMl*. So R# 0 and, upon glancing at (1),
(2) and (3), we infer from .7 that there is such 7 € G with x =7+ x that 7 .
NB) C n,eR(t «AB)) or 7« M~B) C n,eR (¢ - MB)). Clearly then (7 - A(B))
non ﬂ,eQNR(z «AMB) =0 or 7. M~B)) N 6nﬂ,EQ~R(t « MB)) =0 and

hence

ABY NG 18N N e MB)=0

te O~R
or
MB NG 1.8)n N (1. XMB) =0,
te O~R
But also

x=rlex el 8N N 1.t NMB)
te Q
so that from (5) )

e N N 1ot NB)~N~B) =0
te O~R

xe(r1.8dn N G l.t.MB)~XNB)= 0
te O~R
in contradiction to (2) or (3). Thus

17'( U U{t-a}UHUmgp)C‘(Bﬁm"

aeK(B) teG

or

and K(B) C K'(B) € P(B). Now since K(B) is maximal in P(B), we have B’ €
K'(B) = K(B) and x € B' C 0K'(B) = oK(B) = X(B) in contradiction to (5). Thus
our supposition (4) is false and a N b eM* and HC H' €A. Since H is max-
imal in A we have finally M(B) € H' = H, which is what we set out to prove.

7.11. Proof. Use 7.4 with G = G' and 7.9, noting that 7.11.6 implies
7.9.7.

7.12. Proof. Immediate.

7.13 Proof. Use 7.8 and 7.9 with 8 =) in 7.9, noting that 7.13.7 im-
plies 7.9.7 with B =M.

7.14. Proof. Immediate.

7.15. Proof. Suppose there were a G-commutative lifting A on M. Then
clearly for each ¢, t' € G' with t# ', Mt' - ©) N Mt . C) =0and UleG,X(t-C)
= S. But then for some ¢t € G', x €At + C). Thus we get the contradiction x=
rex€r Mt Q) =MreteCQ#Mt+C) and Mr+t.C)NANt-C)=0.

7.16. Reference. Commutativity of L is immediate. The proof of the rest

is given in [S].
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8. Density topologies and strong lifting operators. Our main objectives in
this section are Theorems 8.3 and 8.6.

1. Theorem. If u(S) < oo, p is a density on a complete Borel field B and
T =0"1tng p, then BAM*D T is a topology on S and for each B €T, B C
p(B) C clstT(ﬁ).

2. Theorem. If u(S) <o, p is a density on complete Borel field B and
o~ g p DT is regular, then there is such a lifting X on B that T C o~ ngA.

3. Theorem. If

1. p,(S) < oo,

2. /o; each n € w, F("”) p) Fn is a Vitali system,

3. F = Unew n’

4. T co-F*

.5. either J is regular or for each A € F*, ~A € g~ F",
then there is such a lifting A on M that T Co~ g\

4. Lemma. If j(S) <o and M*> T is metrizable, then T has a count-
able base.

5. Remark. If I is regular and has a countable base, then T is metriza-
ble.

6. Theorem. If i(S) <o and M*> T is metrizable, then there is a lifting
A on M with T Co~rng A

7. Definition. L is J-strong if and only if for each J-continuous f €

B(S), L) = /.

8. Theorem. If

1. () <eo,

.2. X is a lifting on N,

3. JCommgh,

A. for each x €S and [ € H(S), (L(/))Nx) = supir: x ¢ A(f~H—, D)},
then L is a strong lifting operator on B(S).

9. Remark. Referring to the application of 7.12 mentioned in 7.17, since
for either choice of F, J co=F* and the hypotheses of 8.3 are satisfied, we
infer that J C 0~ rng A and the lifting operator L associated with A men-
tioned in 8.7 is strong.

10. Remarks. If ¢ is as in 7.18 and in addition ¥ CJ, then 8.1, 8.2
and 8.6 become valid when ‘i’ is replaced by ‘¢’ and the restrictjon ‘u(S) <o’
is deleted. Under this circumstance there is a strong lifting operator on 3(S).
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Proofs and References.

8.1. Reference. See [5], [7], [13]. The proof given in [5] is for a lifting
on M but it remains valid also for a density on a complete Borel field.

The last step in the proof of 6.2 is like one in [5] used to show that
T CM*. Thar tng p is a base for a topology follows from the fact that p is
intersective.

8.2. Reference and Proof. See [7]. For sake of completeness, we repeat
the short proof. We use 7.9 with G ={e} to get such a lifting A on B that
for each B € B, p(B) CM(B) C~ p(~B). Now let x € a €J. By regularity
there is B €J with x € 8 C clst B C a. Thus from 8.1, x € B C p(8) C MB)
C~ p(~B). Butalso ~ clsr BC p(~clst B) Cp(~B). So x €BCp(B) C NB)
C~p(~B)Cclst BC a.

8.3. Proof. Suppose J is regular. Use 7.13 with G =1{e} to get such a
lifting A on M that if A €o~F% then A CMA). Now let x € a€J and use
regularity to get B €J with x € BCclsr BCa. Thus x € B CA(B)C
M~clst B) C clsr B C a. In the other event the conclusion is immediate from
7.13 with G = {e} since F* CmgA.

8.4. Proof. For any c €(0; ) there can be at most a countable number
of disjoint open spheres of radius c. From this fact a countable dense set
can be got.

8.5. Reference. For this form of metrization theorem see [4].

8.6. Proof. If S is a singleton the case is trivial. Otherwise use 8.4 to
secure a sequence b of open sets, each nonempty and not equal to S and
each equal to the interior of its closure, which form a base for J. Note that
foreach m, n €w, b, £S#£~ b, and b, =b  implies b, = b . Define H
recursively on @ so that for each 7 € w,

HO = {0» S’ boa ~ bo’y
H(n+l)= 0,”'((Hn ~'((Hnnn{b(n+l)’ ~ b(n-l-l)}) n %)

U g (d|(n+ 2) U b,

Foreach n €w and B'=B € H, let p;(B') =ofae H :a= B’} Check by
induction on 7 that for each n€w, M*D ng p: is finite, dmn p": =
Borelnil H_, {0, S} U rng(b|(n + 1)) Crng p": and p"" is a Borelnil density.
For each n € ? and B €dmn p: let p,: ('B) = 'ann 'p:n(B).' Check that for
each n'e w, p,, is a Borelnil den'sity, PaC Pinsty Pu << p("ﬂ)', rng (6|(z + 1))
Crgp, and g bC Uﬂewrng p,- Foreach n€w let F =a |J, , mg p':
and F*= Un e Fne Check that for each 7 € @, F, =tng p': and J =
OF,isa

0~ tng b Co~F% Now apply 6.1 to see that for each 7 € w, F(n+1)
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Vitali system. Finally, noting that T is regular, use 8.3 to get such a lifting
X on M that T Co~rmg A

8.8. Reference. The proof is given in [5].
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