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AND LIFTINGS
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TREVOR J. McMINN

ABSTRACT. For fairly general conditions on a measure space, a group

of bijections on the space and a topology on the space, densities and lift-

tings commuting with members of the group and with topologies finer than

the given topology are obtained.

Introduction. Our objectives here are twofold, in fairly general settings

to obtain for a measure (1) densities and liftings which commute with mem-

bers of a group of bijections and (2) densities and liftings whose topologies

are finer than a given topology. The space we deal with usually has finite

measure or can be suitably partitioned into measurable subsets of finite mea-

sure. In getting a commuting density for a countable group we do not require

the group to be amenable. Our condition for passage from a commuting den-

sity to a commuting lifting is a trifle weaker than a previously known condi-

tion of no nontrivial fixed points. With this and a kind of uniformity condition

satisfied in connection with an invariant Borel family, a commutative lifting

is obtained for a measure whose measurable sets each lie within a set of

measure zero of a member of this family. Topologically, we get slightly bet-

ter than the existence of a lifting whose topology is finer than a given metri-

zable topology with nonempty members included among the measurable sets

of positive measure. Nowhere do we make any assumptions of local compact-

ness.

The main avenue to these ends is the new proof of D. Maharam's [13]

fundamental existence theorem for a lifting recently published by M. Sion [17].

Sion's simple direct proof relies only on basic notions of Carathe'odory mea-

sures on abstract spaces and emphasizes connections with differentiation

somewhat in the spirit of J. von Neumann [16] working with Lebesgue mea-

sure on the line in answer to the first question of this kind raised by A. Haar.

We have modified Sion's approach in some respects, but in many details and
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and in the development of the general framework as embodied in our elabora-

tions the approach is very much the same.  We have broadened his definition

of a differentiation system in a minor way to give us the same results but at

the same time make the hypotheses of the lifting and other theorems more of-

ten satisfied in applications.  More importantly, in an inductive argument, we

have found it possible to go all of the way with densities before passing to

the final lifting.  This gives us the freedom we need to get further results

when a group structure is grafted on.  Thus we can sometimes still get a com-

muting density in situations which preclude a commuting lifting.  Also in the

metric case the construction of a lifting with finer topology is facilitated.

Good guides to the literature of this subject are the book by A. and C.

Ionescu-Tulcea [7] and the survey paper by C. Ionescu-Tulcea [ll]. Most of

the known results on commuting and strong densities and liftings are due to

these authors. More recent results can be found in [l], [2], [3], [6], fel, [9],

[10], [H], [19]. All of the measure-theoretic and topological preliminaries we need

can be found, among many other places, in [18J.

1. Basic definitions and notations. 1. S ^ A = \x £ S : x 4 A\. When S

is understood we may just write ~ A for S ~ A.  Thus S ~ A = 5 0~ A.

2. oF = lja e F a; zrE = 0a e F a; sb A = {a; a C A,; sp A = Í a; A C a}.

3. A ~' B = ifl~ b: a eA  and b £ B\; A nn B = \a n b: a £ A and

b £ B\.

4. a F, a F, o~F  are the families of all, respectively, finite, countable

and arbitrary unions of members of F; n F, n F, n~~F are the families of

all, respectively, finite, countable and arbitrary intersections of members of

F intersected with oF.

5. E is a field on S if and only if oF = S and for each <x, ß £ F, S ~

a e F and a U ß £ F; F isa Borel field on S if and only if oF = S and for

each cl£ F and countable f/CF,K aeE and oH £ F;

field E = the field on oF generated by E

• ctV(E u [oF ~ a : a e Ej)

= the smallest field on oF including  E

= n\G: F C G is a field on oF\;

Borel F = the Borel field on oF generated by F

= the smallest Borel field on oF including E

= 77tG : E C G is a Borel field on oF\.

6. dmn / = the domain of /; rng / = the range of /; / | A = / n ¡(x, y):

x £ A\; fog = the function such that (/ ° g){x) = /(g(x)); yA, 5 =\{x,y):x £A
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implies y = 1   and x e S ~ A implies  y = 0|.

7. co is the set of natural numbers, 0, 1,2,... ;  we assume that each

natural number is the set of all such less than it; thus the natural number 0

is also the empty set.

8. p is a Caratheodory measure on S if and only if p is such a function

on sb S that, for each ACS and countable H with A C oH C S, 0 < p(A) <

im   = the family of /¿-measurable sets

= {A e dmn p : tot each T e dmn p, p(T) = p(T O A) + p(T ~ A)\;

9'      °Xlß={Ae%ß:0<p(A)\u{0\;

ÏR° = |A e%a:p(A) -Oh

(Note that ÎRjnîKj=[0i.)

10. ^ = Mß if and onlyif P^A ~ B) u (ß ~ A)) = 0.

U' Borelnil    F = BoreKF U %°).
p. p.

12.

pi F = the Caratheodory measure generated by p \ F;

/¿/F(A) = inf ) Y, P^ '■ F 3 H is countable and A C ct/7
ffl£W

13. F is /¿-complete if and only if for each A e F and A   e dmn p with

A' m   A, A' eF.

14. H is G-invariant if and only if for each A e H and t £ G, t[À] e H;

p is G-commutative if and only if for each A e dmn p and l e G, t[A] e dmn p

and p(z[A]) = z[p(A)];  we shall write t • z for both t(z) and t[z].

1 5.  S   (S) = the family of all /¿-essentially bounded /¿-measurable extend-

ed real-valued functions on S.

16. B   (S) is G-invariant if and only if for each /e B   (S) and t e G,

/ore B   (S);  L is G-commutative if and only if for each / e" B   (S) and / e G,

fot eB  (5) and L(f o t) = L(f) ° t.

17. / =    g if and only if zxix e a dmn tt : /(x) 4 g(*)i » 0.

2.  Assumptions. Throughout what follows we shall assume that 5 is a

fixed set, ft isa fixed Caratheodory measure on S with 0 < p(S), G is a

fixed group of one-to-one functions on S onto S (bijections),  e is the iden-

tity of G,  y is the cardinality of G, g is a one-to-one function on y onto G

with g0 = e  and J   is a fixed topology on S.  Frequently, the mention of 'S',

'p', 'G'  and  'fi'  in formulas will be suppressed.
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3. Densities and liftings.

1. Definition, p is a density on íB if and only if 0, S £ % C %. and p is

such a function on S to ÜK     that, for each A, ß £%,

.1. p{A) = A,

.2. A =  B implies p(A) = p(ß),

.3. A nß eSB,

.4. p(A nB) = p{A) n p(ß),

.5. piS) = S.

It immediately follows that for each A, B £ $,

.6. A e DTI0 implies p{A) = 0,

.7. ~ A £ S implies p(A) C ~ p(~ A),

.8. A C B implies p(A) C p(ß),

.9. p{A)^p{B) eJH + ,

.10. A C p{A), ~ A e $ and ~ A C p(~ A) imply A e rng p.

2. Definition, p < < p if and only if p , p are such densities with com-

plete field domains that

.1. dmn p  C dmn p,

.2. fot each A £ dmn p , p (A ) C p{A ).

It immediately follows that

.3. if p  < < p and A   e dmn p   and A e dmn p, then p (A ) = p(A ) and

p'{A')nP{A) £%+,

.4. < < is reflexive, antisymmetric and transitive,

.5. if p , p are such densities with complete field domains that p C p,

then p << p,

.6. if K is a family of densities totally ordered by < < and if, for each

A £ LL/ej( dmn p ,

p(A) = a\p'{A) : p' e K and A e dmn p'\,

then p is such a density that for each p   e K, p  < < p.

3. Definition. A is a lifting on fB if and only if A is a density on $ and

for each B £% ~B £ $ and X(~ß) = ~X(ß).

It immediately follows that

.1. a lifting is a density;

.2. the domain of a lifting is a field on 5 included in %;

•3. the range of a lifting is a field on S included in ÎH   ;

.4. 3H    1 F is a finite field implies that there is a lifting on Borelnil E

onto E.
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4. Definition, p is a Borelnil function if and only if p is a function on

Borelnil rng p.

It immediately follows that

.1. the domain of a Borelnil function is a complete Borel field on S;

.2. 311   3 E is a finite field on S implies that there is a Borelnil lifting

on Borelnil F onto E.

4. Lifting operators on B(S).

1. Definition. L is lifting operator on ${S) if and only if L is on 33(5)

to 8(S) and, for each /, g £ B(S),

.1. L</)*/,

.2. / = g implies L(/) = L{g),

.3. 0 < / implies 0 < L{f),

.4. L(xs) = XS>

.5. for each real a, b, L{a • / + b • g) = a • L{f) + b • L{g),

.6. L{f - g) = Lif) • L{g).
With regard to .5 and .6 we could require more generally that L, more

than being just linear and multiplicative, be a homomorphism for operations

which are continuous for the topology of the reals [51. Plus and times are the

two most important of such operations.

5. Differentiation and Vitali systems.

1. Definition.  E is a differentiation system if and only if S £ F C M

and, for each  a, ß £ F, a D ß £ a~F.

2. Definition.  F\x\ = \a.£ F : x £ a\.

Note that if E is a differentiation system, then Ejxj is a filter base.

Limits with respect to F\x\ ate taken in the sense of downward inclusion.

A theory of such limits can be found, among other places, in [12].

3. Definition. H is an E-Vitali cover for A if and only if AC S, HC F

C sb S and for each x £ A and ß £ F\x\ there is a. £ H with x e a C /S.

4. Definition.  E is a Vitali system if and only if

.1.  E is a differentiation system,

.2. for each H and A such that H is an E-Vitali cover for A there is a

countable disjoint //' C H with A ~ oH' = 0,

.3. ip/{F U %0)) | Borelnil E = p \ Borelnil E.

5. Remarks. If p{S) < », E C %+, n'iF U JR°) C ct"(E U 511° ) and \S\ ~'

ECo-"(Eu3H°), then

(p/(E U 3Ra)) | Borelinil E = p | Borelnil E.

This follows from slightly modified results in [l5]> It is easy to check that
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if oR' C nR', then o'tt"r' C u"r' so that if R = {S\ ~'F and R' = \S\ ~'

(F U JH°), then o'nR' C nR' and \S\ ~'/? C ffV. Now [15, Theorem 3.2],

can be modified to read, in the notation of [15]:   if R    C R', then Ry C RlS.

This is easily proved along lines given there. Applying this result to [15, Theo-

rem 4.6] to get the corresponding modification of [15, Theorem 4.7], it is not

hard to see that our result mentioned above stems from the complementary ver-

sion of a corollary of this latter modification.

6. Fundamental theorems.

1. Theorem.  // for each ñ e co,

A. p(S) < oo,

.2. p    is a Borelnil density,

•5- P'n <<P(n+l)>
•4- Fñ=ff'UI<„rng p.,

then for each n e co, F.    .. D F    is a Vilali system.

2. Theorem. //

.1.   p(S)< eo,

.2. for each n e co, F.    ,. 3 F    is a Vitali system,
' (n + l) n '    •     •

.3.  P*= Une*.*7,, a«-' ^ = Borelnil F*,

.4. for each  B e S,

p(ß) = i x e 5 : lim   lim inf /¿(an B)/p(a) = 1 (,

//jen o z's szzc/j ß Borelnil density on % that for each A e o~F , A C p(A).

3. Corollary.  //

.1.   p(S) < 00,

.2. F   z's a Vitali system and fB = Borelnil F ,

.3. /or eizc/? B e %

p(B) = \xeS:      lim     /¿(a n B)//¿(a) = l(,
( aeF*|x| )

/Aen p is such a Borelnil density function on ÍB that, for each A eo~F ,

A C p(A).

4. Remark. 6.2.2 is satisfied if F is a nested sequence of finite fields

each included in M   .

5. Remarks. As pointed out in [16], 6.2 is essentially a differentiation

theorem and 6.1 provides the crucial link between a Borelnil density and the

appropriate differentiating mechanism.
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Proofs and References. 6.1 is a variant of [17, Theorem l]. Our proof is

modeled after the one given there.

6.1. Proof. Clearly E._+i\-)fT_ is a differentiation system.

Let ACS and H be an E -Vitali cover for A. Let H   be a maximal dis-
72

joint subfamily of H.  Then by A, H   is countable. Let ß = p (~ct/7 ). Then

by .2, ~a//' = /3 and by .3,

a/7'-    \Jtac   U^^^p'Ju.P^-p'JioH'),
atH aeH \aeH /

so jß D a/7 =0. There can be no x £ A n ß; fot if so, then there would be

a. £ H with x £ aC ß in contradiction to the maximality of // . Thus A n ß

= 0 and A ~<r//' = 0.

Notice that p/field (F¿ U ÎR°) = p/{F'n U Hi0). Thus  P' u 3H° C

field (E^ u 3H°) C 3lT C % where ÎTT is the family of p/{F^ U 3H°)-measurable

sets, and hence Borel (E^ U ÎR0) C ÎR\ Finally since p and p/(E¿ U 5lt°)

agree on F'n U ?H0 and Borel (E^ u JH°) CÎII', we have that p and p/{p\M°)

agree on Borel (E^ U 3H°) = Borelnil El.

Thus   Eß is a Vitali system.

6.2. References. See [17, Theorems 2 , 2, 3, 4]. A re-examination of

the proof of [17, Theorem 2 ] reveals that it can be slightly modified to re-

main valid when the condition that  d O ß £ F, for cl, ß £ F in [17] in the

definition of a differentiation system is changed to the condition that  o. n ß

£a~F,  tot cl, ß £ F to conform with our definition of a differentiation sys-

tem. Also, if the condition that E    be a partial lifting (defined in [17]) in

[17, Theorem 4] is changed to a Vitali system and the part of the conclusion

that A = p{A) fot A £ F* is changed to A C p{A) fot A £ o"F*, then [17,

Theorem 4], so revised, is valid and p is a Borelnil density on in.

We now take a cue from [5]. For H C F   let tí   be such a countable sub-

family of H that p{oH   ) - sup o aiiH p(/3)>  Clearly from .1 for each a £ H,

a~ff//' = 0 so that p{a) - p{oH ) = 0 and p{o.) C p(ffß').   Thus

oH'CaH=   U   aC   U   p(a)Cp{o-H')
aeH        aeH

and

0-/7 = oH'    and    atí' £ dmn p

and

a//Cp(ff//') = p(<7//).

6.3. Proof. Use a constant sequence Eß = E   in 6.2 and note that for

each B £ $ and x e S,
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lim inf p(ar\ B)/p(a) = 1.
aeF*\x\

if and only if

lim     p(ar\B)/p(a) = 1
1£ F*{x\

7. Commuting densities and liftings. Our main objectives in this section

are Theorems 7.8, 7.11-7.14.

1. Theorem. //

.1.  G' CG and t~x e G' for t e G',

.2. M    is G'-invariant,

.3. for each n e co, F    is a G -invariant differentiation system,

.4. F*= \J        F   and % = Borelnil F*
*^ n € co   ri

.5. for each B e 55, x e S and t e G',

lim lim inf  /¿(an B)/p(a) = 1
n   aeFjx}

if and only if

lim lim inf   /¿(/.(an B))/p(t • a) « 1,
n   a e F [x\

n

.6. for each B e 35,

p(B) = ) x e S : lim   lim inf /¿(a n B)/p(a) = ll,
( n   aeFjx] )

then p is G -commutative.

2. Corollary. //

.1.  G' CG and if z-1 e G' for t 6 G',

.2. M    is G -invariant,

.3.  F    is a G -invariant differentiation system,

.4. % = Borelnil F ,

.5. for each B e $ and t e G\

lim     p(a n B)//¿(a) = 1

z'/ and only if

lim     /¿(í • (a n B))//¿(/ . a) = 1,
iiF*|x|

.6. for each B e%,

p(B) = ) x e S :      lim     /¿(an B)//¿(a) = l[,
( aeF'ixl )

then p is G -commutative.



COMMUTING AND TOPOLOGICAL DENSITIES AND LIFTINGS 9

3. Theorem. //

.1.  G  is countable,

.2. 311    is invariant,

.3. p    is a density on complete set Jo C JÎÏ,

.4. J5 is invariant,

.5. for each t e G and B e 35, p'((B) = t~1 • p'(t • B) and p(B) = C\teGp\(B),

then p is a commutative density on 35.

4. Theorem. //

.1.   /¿(5)<oo,

.2. G' CG and t~x € G' for t e G,

.3. M    is G -invariant.

.4. for each n e co, F.    ,. 3 F    is a G -invariant Vitali system,

.5.  F*= \Jnea Fn  and 55 = Borelnil F*,

.6. /or eacA B 6 55, % e S and t e G ,

lim   lim inf  /¿(an B)//¿(a) = 1
n    a e F \x\

n

if and only if

lim  lim inf p(t • (a n B))/p(t • a) = 1,
n   aeFn\x\

.7. for each B e 55,

p(ß) = \x e 5 : lim  lim inf  /¿(a n B)//¿(a) = H ,
/ n    aeFn\x\ \

then p is such a G -commutative Borelnil density on & that, for each A e

a~F*, A C p(A).

5. Theorem. //

.1.   p(S) < 00,

.2. G is countable,

.3. M    is invariant,

.4. for each n e co, F(n + l) 3 F    is a Vitali system,

.5. F*= U  c , F   and 55 = Borelnil F*
^^ n€cü    H

.6.  F    z's invariant,

.7. for each B e Jo,

p'(ß) = j x e 5 : lim  lim inf /¿(an B)//¿(a) = l( ,

.8. for each t e G and B e J5,

p'(B) = /~1.p'(/. B)    and   p(ß) =   f|  p!(ß),
teG    '
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íAcb p  is sucha commutative Borelnil density on 93 that, for each A £ o~F*,

A C p{A).

6. Lemma. //

.1.  p{S)<°o,

.2. G is countable,

.3. 3K     z's invariant.

.4. DCS and for each t £ G, r • D eJK + ,

.5. p   is a commutative Borelnil density,

then there is such a finite or countably infinite sequence p'   of Borelnil

densities on {y + l),  if y is finite, or on y,  otherwise, that

.6. for each n £ y, p" = p'Q C p'n C p'(n+1),

.7. D £ dmn p'x,

.8. for each n £ co, C £ dmn p'   and t £ G, there is such k £ y ~ {n + l)

that t - C £ dmn P^k + l^ and Ptk+l){t • G) = t • P(fe+1)(C),

.9. /or eacA t £ G and A £ U„£dmn ft ™g P^,

í . A e      (J       rng p\
n e dmn P

7. Theorem. //

.1. /i(S)<~,

.2.  G z's countable,

.3. JK    z's invariant,

.4. for each t e G, í • D ejR+,

.5. p    z's a commutative Borelnil density,

then there is such a G-commutative Borelnil density p that p  C p and D £

dmn p.

8. Theorem.  //

.1. p{S)<oo,

.2. G  is countable,

.3. 3K and 3K    are invariant,

.4. for each n £ co, F.      . DE    is a Vitali system,

.5. E*= N      E,
^*neu¡   72'

.6.  E    z's invariant,

then there is such a commutative Borelnil density p on M that, for each A £

a-F*, A C p{A).

9. Lemma. //

.1. p  is a commutative density on complete field 55,

.2.  A = \F : F  is a field and Fnn rng p C 58 n 3K    and F  is invariant],
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and

.3.  // is a maximal member of A (there is one),

.4. for each B e 55,

P(B) = {F : v  ( \J      \J \t • a\ U H U rng p) C 55 n 3H+ and
( \aeFteG J

for each a e F, <xC~p(~B) or aC~p(ß)|,

.5. ¡or each ß e 55, K(B)  is a maximal member of P(ß) (there is one),

.6. for each ß e 55, A(ß) =a{ae K(B) : aC ~p(~B)¡,

.7. /or each ß e 55 with

n'( U ÍÍ • À(B), z • M~B)i U H u rng p] c 55 n !M +

zr'( (J [l • A(B), í • A(~B)| U H U rng p) ~'iMß), A(~ß)i C 55 n M+,

/or e«c/> x e ~A(B) ~ A(~B), o e /7 nn rng p z¿-z'íA x € S «nfi

(a) for each nonempty finite subset Q of G with 0 4 R = \t € Q :x = t.x\

and 8 Ci C\t Q(t • A(ß)) = 0 there is such r e G with x = r . x that r • A(ß)C

f|íeR(< • MB)) or r . A(~B) C DieR(' • A(ß)) or

(b) for each nonempty finite subset Q of G with 0 4 R = \t eQ:x=t. x\

and 8 oC\ Q(t ' A(~B)) = 0 there is such r e G with x = r . x that t . A(ß)

Cf|/eR(í-M~B))  orr.X~ß)C C\teR(t • M~ß)),
then A is such a commutative lifting on 35 onto H that for each B e 55, p(B)

CA(B)C~p(~B).

10. Remark. If G={e!, then for each B e 35, A(ß) reduces to

.1. aía: ¡ a} nn/innrng p C 35 n)H+ and a C~p(~ß)i.

In this event A(B) may just as well be taken to be either of the following:

.2. a|ae Hnn rng p : a~B = 0i,

.3.  UaeHWauB)~a) [17].

11. Theorem. //

.1.   /¿(S)<oo,

.2. 311    is invariant,

.3. for each n eco, F,    ,. 3 F    z's a« invariant Vitali system,

A. P* - U «   F    a««" * = Borelnil F*,
'necü    n

.5. /or e«c/> ß e 35, x e 5 anfi teG,

lim   lim inf /¿(an ß)//t(a) = 1
n    aeF \x\

n

if and only if
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lim   lim inf  p{t • (a n B))/p{t • a) = 1,
n    a e F ¡x|

72

.6. for each av a2, S e ÍB nîK+ t*f/A cij n a2 = O, ax u a   = S,

n'(\JUax,t- a2, t • 8\ U F*\ C 93 n 3K +

ÖBd"

M U i' • ap < • ar />55 UF*W{a.jc93n3K +    /or z'= 1,2,

/or eacA x £ 8 ~ a   ~ a    asd"

(a) for each nonempty finite subset Q of G with 0 4 R = \t £Q:x=t. x]

and S n Dí€q(í • Q-j) = 0 ¿Aere is such r £ G with x = r . x rAa/ r • a, C

n/eR(i • ctj)  or r . a-2Cf|ieR(i • «j)  or

(b) /or eecA nonempty finite subset Q of G with 0 4 R = [t £Q :x= t • xj

ABfi? S '"'flfgo^ • a2^ = 0 there z's szzcA r e G u>z7A x= r • x iAar r • a   C

nteR(f • a2) °r r- aicníeR(í • a2)>

íAeB íAere is s«cA a commutatuive lifting À ob íB rAflí /or eacA A e a~F* A C p(A).

12. Corollary. //7.11.1-7.11.6 and

.7. 3K C 93,
then there is such a commutative lifting X on 3K that, for each A £ o~F* A C À(A).

13. Theorem. //7.8.1-7.8.6 and

.7. for each ap a2, S eîK+ zWfA ax n a2 = 0, a-x U a2 = S,

M U i*' ai» '• a2' '• s! uE*Jc3K+

*'( U U' av t- a2, f 8] UE*j ~'|a.}c3K+    for z'=l,2,

x e S ~ at ~ a2 ízb¿ 7.11.6((a) or (b)),

then there is such a commutative lifting À ob JK that, for each A £a~F ,

A C p{A).

14. Theorem.  Consider the following conditions on p and G each inde-

pendent of F, 93 and p.

.1. for each  & £ JK   , t £ G and x £ S with \x\ £ 3K    and x = t • x, we

have a = t • d;

.2. for each t £ G and x £ S with \x\ e3K° and x = t • x, we have t = e;

.3. ¡or each t £ G and x £ S with \x\ £ JK    and x = t • x, we have t — e.

Then in the context of the relevant application .3 implies .2 implies A im-

plies 7.13.7 implies 7.11.6 implies 7.9.7.

and
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15. Theorem. //

.1. Ce3H+,

.2.  G    is a finite subgroup of G,

.3. x e S, r e G   and r • x - x,

.4. \JteCi(t • C) = S and for each t, t' e G' with t 4 t\ (t • C) n (/ • C)

= 0 and T • t • C 4 t • C,

then there is no G-commutative lifting on %.

16. Theorem. // A is a commutative lifting on M and for each x e S and

f e B(5), (L{f))(x) = supir : x i A(/_1[-oo, r))\, then L is a commutative lift-

ing operator on B(S).

17. Remarks.  Under the hypotheses of 7.12 or 7.13 there is a commuting

lifting operator on B(5). In view of 5.5, the hypotheses of 7.12 and for each

A e F , ~A eo~F    ate satisfied when S is the plane, p is suitably normal-

ized Lebesgue measure on S and for each n e co, F   is the family of all left-

bottom-closed-right-top-open   squares in S and  G is the group of translations

on S.  In this case  F  C rng A.  If for each n e co, F   is the family of all open

disks, then the hypotheses of 7.12 are satisfied and for each open A, AC

A(A). Similarly for Euclidean K-space.

18. Remark. If cp ¡s such a Caratheodory measure on S that there is a

partition J   (not necessarily countable) of S into cp measurable subsets of

finite cp measure with the property that, for each ACS, cp[A) = £Qej,c/>(A n B)

and for each B e J   and t e G, t • B e S and the relativization of F to B

(where applicable) is a Vitali system, then each theorem in this section re-

mains valid when '/¿' is replaced by 'cp', and the restriction 'p(S) < oo* is deleted.

Proofs and References.

7.1. Proof. In view of .2 and .3, £ is invariant. Also using this fact, .1

and .5 we have, for each ß £ 35 and teG,

p(t • B) = ) x e S : lim   lim inf  p(an(t ■ B))/p(a) = ll
( *   a£Fjxj )

= ]xeS:lim      lim inf     pit • (a n B))/p(t • a) = ll

I "   aeF If1-«I '

x e S : lim      lim inf     /¿(an B)/p(a) = 1

"   oeFji-1-«!

-Ix e S : lim  lim inf  /¿(a n B)/p(a) = 1
n   aeF \x\

n

= t • p(ß).
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7.2. Proof. See the proof of 6.3.

7.3. Proof. Trivially p{S) = S. Clearly from .1-.4 for each A, B e 93,

A m p'{A) m p{A) and A = B implies p{A) = p{B). To show that p is inter-

sective, let A, ß e J).  Then using .3,

p{An B)= H p\{AnB)
teG

= 0 r'./d-UnB))
teG

= O r:.(p'(/. A)no'(f.B))

= O ((r1.f>'(/^))n(r1.p'(í- B)))
teG

= fl(p;Wnp¡(B))
teG

= f n p;u)Vf n P;(ß)j =PwnP(s).

r maliy, using the fact that G is a group, for each B £ X> and t £ G,

p(< • b) = n p> • b) = n (s-1 • p'(s • « •ß»
s eG se G

= t. n ir1-s-1 .p'u- /• B)) = t- n((*• o-1.p'u• «• s»

-*  n /Wo) = * • pu«
se G

7.4. Proof. Use 6.2 and 7.1.

7.5. Proof. Use .3 and .6 to check that 93 is invariant. Now use 6.2 and

7.3. Check that for each A £ a"F* and z £ G, A C p '(A), A C p't (A) and A C p{A).

Our proof of 7.6 is somewhat like that of the lemma in [17].

7 6   Proof. If D £ dmn p , then for each n < y, if y is finite, or for

each n £y, otherwise, let p  = p . Otherwise proceed as follows:   Let

D' = D ~ o\{t . D) n D : t £ G and (/ • D) n D m Oj

n ~ a!(i • ~£>) r>D: t £G and U ■ ~£>) O D = Oi,

D" = ~D~ctK< . D) ~ D : t £G and U • D) ̂ D = 0]

n ^a\{t-^D)^D : t eG and (r • ~D)~D = 0},

E'={aerngp": a~D' = 0j,

E" = iaerngp": a~D"s0!,
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Then choose B' eo"F' and ß" eo'F" with

p(B') =     sup    /¿(a),      p(B") =    sup     /¿(a).
aeo-"F' aecr"F"

From .1-.5 it follows that oP* C p'(B') e F' and aF"c p"(ß") 6 F", so that

oF' = p"(B') and crF" = pW.   Now let Dm = D - ct"(b") and £>'" = D" ~ p"(ß').

By .2-,4, for each t, s eG,

DmD'mb",    ~ D = D" = D"",    D°' n D"" = 0,

(t. D')n(s. D') e3TC+,    (/.D')n(s.D")e!)lî+,
(1)

(z - D")n(s.D") e3H+,   (t . D'")n(s . D'") eJT,

(t . D'" ) n(s. D"") e 3K +,    (i. D"") n (5. D"") e JH +,

{z • D'" I nn rng p" C 3H+,    {i . D'w! nnrng p" c Ml+.

Recursively define p   on (y + 1), if y is finite, or on y, otherwise, so that

Po = P '

(2) P(n+1)  1S °n ^e^ ^Sn ' D^ n ^mn Pj     an<^

P^^in+l)'

for each C = g^ . D and C" = gß • ~ D and /S, /8', ß" e dmn p',

(3) ß u (/3' n C' ) U (/3" n C") e dmn p'(jJ+1)    and

p;n+1)(/3u(/3'nc') u(/3" nc"))

= P'n(ß) u (p;(j8') n gn • D"') u, iP'n(ß") n gn - D"").

Using (1) and (3) one can check by induction on n that, for each n e dmn p ,

p    is a Borelnil density. Clearly by (2) we have .6 and by (3) we have .7.

Now given n, m ey, let k e y ~ (n + 1) so that, for each i < n, g    • g. e

rng(g|(& + 1)). With a little effort one can now use (2) and (3) to check that

for each i < n and each G e dmn P(I + 1), gm ' G e dmn P(fe+1) and P(fc+1\(áL^ * ß)

= gm • P(fe+i)(ß)- Thus we have .8. Finally .9 follows immediately from .8.

7.7. Proof. Use 7.6, 6.1 and 7.5.

Our proof of 7.8 is patterned after the proof of the lifting theorem in [17].

7.8. Proof. Use a maximal principle and 7.5 to get a nonempty family A

of such commutative Borelnil densities p   that, for each A eo~F , A Cp (A),

totally ordered and maximal with respect to «. Now with respect to «, A

has no cofinal countably infinite sequence p .  For if so, then letting for each

neco,  F^ = n'\Ji<n rng p', F'*= \Jn€ù)F'n, and 55' = Borelnil P  , we see that
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E     is invariant and from 6.1 that Ftn+D ^ P'n  is a Vitali system. Hence ap-

plying 7.5, we get such a commutative Borelnil density p on 93' that for each

A   £a~F   , A  C p(A ). It then follows that, for each n € co and A £ dmn p',
' n*

dmn p'n = Borelnil rng p'n C Borelnil F'n C Borelnil F   = 93  = dmn p,

A € dmn p = 93'    and    p'n{A) e F'n C F'* C o~F'*,

p'n{A) C p{p'n{A)) = p(A),    p'n«p.

Furthermore for each A £a~F , A C Pq(A) C p{A). Thus p eK, contradicting

the cofinality of p .

Now for each B e Up"£j,dmn p" let

(AB) = CTJp"(B) : p" £ K and ß 6 dmn p" }.

Then p is such a density that, for each p   £ K, p  « p. Clearly for each A e

a~E , A C p(A). Also for each B e dmn p and t £ G,

pit • B) = a{p"(/ • B) : p" £ K and t • B e dmn p"\

= í • a{p{B) : p" eK and B e dmn p"i = t • p{B)

so that p is commutative. Furthermore

Borelnil rng p = Borelnil    (J rng p   -    [J  Borelnil rng p

fi'e\ ft'eK

=   U dmn p  = dmn p
¿'eK

so that p is a Borelnil function. Thus p eK. Since Jv is maximal with re-

spect to «, p is a maximal member of a. By .3 and 7.7 we infer from the

maximality of p in K that p is on 3K.

7.9.  Proof. Note that {0, S\ £ A. Check that the union of a nest of mem-

bers of A is a member of A and hence by a maximal principle that A has a

maximal member tí. Thus H is a field, Hnn rng p C J3 n JK    and // is invar-

iant.   Now let ß e93 and note that {p(ß), p(~B)j £ P(ß). Check that the

union of a nest of members of P{B) each including \p{B), p(~B)} is a mem-

ber of P{B) including \p{B), p(~ß)| and hence by a maximal principle that

P{B) has a maximal member K{B) including ip(ß), p(~B)j.  Thus

M      U       U I*' a! Uffurngp) C.93n3K +
\aeK(B)/cG /

and, for each aeK(ß), aC~p(~ß) or aC ~ p(ß). Clearly P(B)=E(~ß)

and K(B) is a maximal member of K~ß) so that A(~B) = cxjae K{B) : aC ~p(ß)|.

Also clearly p(ß) C X(ß) C ~ p(~ B), p(~ B) C M~ ß) C ~ p(ß), A(B) n M~ ß)

= 0, A(ß) = ß and À(~B) = ~ B. Furthermore
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(1) *'( \J \t. A(B), /. A(-B)| uf/urngp) c55n3TC + .

Now

(2) n'l (J |t . MB), t - M~B)1 U//U rng p\ ~'|M~B)i C SB H 3lî + ;

for otherwise, there is

ß e n'l (J \t - A(ß), t . A(~ G)|uHu rng p)

with 0 =/ /3 ~ A(~B) = 0 and K(ß) U |A(~B) U j8J af K(B) C K(B) U ,A(~B)u/3|

e P(ß) in contradiction to the maximality of K(B) e P(B). Similarly

(3) ir'( U !i.A(ß), r.A(-B)! U tf u rng p WiA(B)! C 55 n 3ll + .n'l  U it - MB), t • A(~B)i U H u rng p) *'

To be sure that A has all of the other desired properties, we need only show,

since H C 55, that A(B) e H or A(~B) e H. We may suppose that A(B) 4 0

and A(B) 4 S. To this end if (a), then let

H = field

and if (b), then let

H' = field

Í//UU i/.X(B)lJ

i'/uU l/.At^BMj.

We may suppose (a), and attempt to show that A(B) e H, since the alternate

assumption entails a quite symmetric argument leading to A(~B) e H. Clearly

H   is an invariant field. Since X> is complete, A(B) e Jo and rng p C £. Since

H C .& and & 3 rng p is invariant,  H  C x> and H nn rng p C &. We shall

show that H   e A by showing that W nn rng p C M   . To do this we let a ef/'

and & e rng p and then show that a n b eM   . Thus let

a = n u ( £0 n fi 0 • Mb)) n  fl (f • ~ Mb))) u ...
\     ^Fo ieF<5 /

u /¿, n fl it - MB)) n fl U • ~ Mb))V
\* ««^ »«";        /

where p ecù,f\, <fQ, ... , ¿j   e H, FQ, Fn, ... , F    F   are finite subsets of G.

Let us suppose, contrary to what we wish to show, that

(4) 0 4 a n b = 0.

Since clearly n n è = 0, by virtue of H nn rng p C M   , we may suppose that

there is n < p and x' 6 S with



18 T. J. McMINN

x' £bnÇ n fi O • Mb)) n   f| it • ~A(ß)) = o.
teF teF'

n n

If F'n = O, then (noticing that C\te0it '"^(B)) = S) by virtue of the fact that

X(B) C oK{B), there is such a function k on E^ to  K(ß) that, by virtue of (1),

x' £bnÇnn fi {t • AM) Cb nßnn  f\ {t • A(ß)) = 0,
<eF72 '£F*

tnfnnií'tólejf   U      U 1' • al u « u rng p) c 3K + ,
"     teF VaeK(B) teG /

72 ' '

a contradiction. Thus  Pn 4 0 and there is such a

£'£*'(     U       U U«'«! U/Zurrigp)
\aeK(B) teG /

that x' e £'n OieF' (r • ~Mß)) ■ 0. But then, since for each t £ G, t •

A(~B) C t . ~A(ß), w"e infer that ^'nf|/e F> it ■ A(~B)) C Ç n Ç\lcFAt.^\{B))

m 0. Since x' e £' and, from (1), C'nÇ\tepAt • A(~ß)) = 0 we have x' 4

C\teF,{t.X(^B)), and hence "

x'eC'n   fi (z-~A(B))~    f|(/-A(-B))
teF' teF'

72

= C'n   \J {t.^X{^B))n   f|0-~A(ß))
íeFñ íeF72

= C'n   U   ((t'-~A(~ß)n   n(i-^Mß)))

c£'n    (J ((/'.~ A(~B))n(f.~A(B))).

72

Thus for some /' e FJ, x' e£'n(/' . ~A(~B)) n (<' • ~A(B)). Letting x =

í       • x   and Ç- t      • Ç,    we have

(5) x eC~A(~ß)~A(ß)    and    Í£n'(     U      U I' • a? u H U rng P) •
\a£K(B) zeG /

Now let B' = A(B) U fx| and let K'{B) = K{B) U iß' !. We shall show that

K'{B) £ P{B) by showing that

n'(      U Uíí' ct!u/7Urngp]c93n3K +
\aeK'(B)  teG J

and

(6) for each a e K'(ß),    a C ~ p(~ B)    or    a C ~ p(B).

To this end note, since \{B) C ~A(~B) and x e~A(~B), that ß' C ~A(~B)

so that (6) and suppose, contrary to what we have left to show, that there are

such 8' £ H nn rng p and a nonempty finite set Q C G that 04 8 n f)t£Q{t.B')
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■ 0. But then 8n C\teCU • A(B)) = 0.  By (1), onf)teG(t . A(B)) = 0 and hence

on'n,eQ(i • s') = !*!• Thus x e8 and for each t e Q, x = t . x ot x e t •

A(B). Thus letting R = \t e Q : x = t • x\, we have x e 8nf)teQ^R(t.\(B)).

If R = 0, then from (5) and (1) we get the contradiction 0 = íx¡ = 8 n

ni£ß(i ' ß,) = 5nníeQ(í • MB)) e3K+. So R 4 0 and, upon glancing at (1),

(2) and (3), we infer from .7 that there is such r e G with x = r • x that r •

A(ß) C CiieRU • MB)) or r • A(~B) C C\teR(t ■ A(B)). Clearly then (r • MB))

nonf|ieQ^R(i-A(B)) = 0 or r.M~B))nSnn|cßMj(r-MB)) = 0 and

hence

A(B) n (r"1 . 8) n    f|    (r-1. <. A(B)) = o
reQ~R

or

M~ B) n (t-1 . 8) n     fl   (r-1 • « • Mb)) = 0.
teQ^R

But also

x = r~l.x e(r~l.8)n   ft (r-1 . t. \(B))

teQ
so that from (5)

xe(r~1.8)n      f)    (r"1 • i-A(B))~A(-B)) = 0
teQ~R

or

x e (r-1. 8) n    fl   t*""1 • « • Mb)) ~ Kb) = o
íeQ~R

in contradiction to (2) or (3). Thus

"'(     U \JU- a\UH Utngp\cT>n% +
\aeK(B) teG /

and K(B) C K'(B) e P(B). Now since K(B) is maximal in P(B), we have ß' e

K'(B) = K(B) and x e ß' C oK'(B) = aK(B) = A(B) in contradiction to (5). Thus

our supposition (4) is false and a n b eM and HCH € A. Since H is max-

imal in A we have finally A(B) e H = H, which is what we set out to prove.

7.11. Proof. Use 7.4 with G = G   and 7.9, noting that 7.11.6 implies

7.9.7.

7.12. Proof. Immediate.

7.13 Proof. Use 7.8 and 7.9 with 55 = % in 7.9, noting that 7.13.7 im-

plies 7.9.7 with 55=1)11.

7.14. Proof. Immediate.

7.15. Proof. Suppose there were a G-commutative lifting A on M. Then

clearly for each t, t' e G' with t 4 t , Kit   • C) n A(r . O = 0 and UteGXt- O

— S.  But then for some  t e G , x eX(t « C). Thus we get the contradiction x =

r . x e t . \(t ■ C) = A(r . t • C) 4 \(t . C) and A(r . / . C) n X(t ■ C) = 0.

7.16. Reference. Commutativity of L is immediate. The proof of the rest

is given in [5l.
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3. Density topologies and strong lifting operators. Our main objectives in

this section are Theorems 8.3 and 8.6.

1. Theorem. // p{S) < <», p is a density on a complete Borel field 93 and

T = a "rng p, then 93 n 3K   D T is a topology on S and for each ß £ T, ß C

p{ß) C clsrr(/3).

2. Theorem. // p{S) <■», p is a density on complete Borel field 93 and

o~ rng p3 J   is regular, then there is such a lifting A ob 93 that j C a~ rng A.

3. Theorem. //

.1.  p(5)<oo,

.2. for each n £ co, F.   ... D E    is a Vitali system,' (72 + 1) 72 '

•3- F* = U  ,   F ,

.4. JCo-E*

.5.  either J is regular or for each A £ F , ~A £a~F ,

then there is such a lifting A ob 3K that J C a~ rng A.

4. Lemma. // p(5) < oo and JK   D Jz's metrizable, then T Aas a count-

able base.

5. Remark. // J   z's regular and has a countable base, then J   is metriza-

ble.

6. Theorem. // p{S) < oo and 3K   3J   is metrizable, then there is a lifting

A ob JK with S C a~ rng A.

7. Definition. L is J-strong if and only if for each J-continuous / e

8(S), L{f) = /.

8. Theorem. //

.1.   p(S)<oo,

.2. A is a lifting on 3K,

.3. J C cr-rng A,

.4. /or each x £ S and f e B(S), (L(/))(x) = sup{r : x í' Ai/'H-«», r))\,

then L is a strong lifting operator on 8(5).

9. Remark. Referring to the application of 7.12 mentioned in 7.17, since

for either choice of F, J Co~F    and the hypotheses of 8.3 are satisfied, we

infer that S Ca~rng A and the lifting operator L associated with A men-

tioned in 8.7 is strong.

10. Remarks. If 0 is as in 7.18 and in addition KJ, then 8.1, 8.2

and 8.6 become valid when 'p' is replaced by '<p' and the restriction 'p.{S)<oa'

is deleted. Under this circumstance there is a strong lifting operator on B(S).
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Proofs and References.

8.1. Reference. See [5], [7], [13]. The proof given in [5] is for a lifting

on M but it remains valid also for a density on a complete Borel field.

The last step in the proof of 6.2 is like one in [5] used to show that

TCI   . That rng p is a base for a topology follows from the fact that p is

intersective.

8.2. Reference and Proof. See [7]. For sake of completeness, we repeat

the short proof. We use 7.9 with G = je}   to get such a lifting A on 35 that

for each B 6 35, p(ß) C A(B) C ~ p(~ß). Now let x e a e 3". By regularity

there is ß 6 3 with x e ß C clsr ß C a. Thus from 8.1, x eßC p(ß) C \(ß)

C "■ p(~/3).  But also ~ clsr ß C p(~clsr ß) C p(~/3). So x e ß C p(ß) C \(ß)

C ~p(~j8) C clsr /3 C a.

8.3. Proof. Suppose J  is regular. Use 7.13 with G = \e\ to get such a

lifting A on M that if A ea~F , then A C A(A). Now let x e a e 3 and use

regularity to get ß e 3 with x eßC clsr ß C a. Thus x e ßC A(B) C

A(~clsr ß) C clsr ß C a. In the other event the conclusion is immediate from

7.I3 with G = {e! since F   C rng A.

8.4. Proof. For any c e (O; 00) there can be at most a countable number

of disjoint open spheres of radius c. From this fact a countable dense set

can be got.

8.5. Reference. For this form of metrization theorem see [4].

8.6. Proof. If S is a singleton the case is trivial. Otherwise use 8.4 to

secure a sequence b of open sets, each nonempty and not equal to S and

each equal to the interior of its closure, which form a base for J. Note that

for each m, n e co, fc   4 S 4 "" &„ and fe   m b    implies b   = b. Define H
' nr n n        m       * n        m

recursively on co so that for each n e co,

/7(n+1)=aV((/7n ~'((H„nn{è(n+1), - *(„+1)i) n 3ïl°))

Urng(f3|(n+2)) U <~&(„+1)!)-

For each n e co and ß' ■ B e H   let p"(ß') = a{a e H   : a = fi' ¡. Check by
w 'n n J

induction on n that for each ne co,M   3 rng p" is finite, dmn p   =

Borelnil B^, [O, S\ u rng(t|(n + l)) C rng p"n  and p"  is a Borelnil density.

For each n eco and B e dmn p" let p'(B) = C\m^„ p'IÎB)- Check that for

each ñeco, p'n is a Borelnil density, p'n C p('„+1), f^ « p'(n+1), rng(è|(n + l))

c mg P¿ and rng b C U„eü)rng p¿ . For each n e co let F^ = zr' (JL   rng p'n

and F*= U„eûJ ^„^ Check that for each n e co, F^ = rng p'n  and 3 =

a"rng è C ct~F . Now apply 6.1 to see that for each n eco, F.     . 3 Fn is a
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Vitali system.  Finally, noting that J   is regular, use 8.3 to get such a lifting

A on JK that S Ca~ rng A.

8.8.  Reference. The proof is given in [5].
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